We study two families of quantum models which have been used previously to investigate the effect of topological symmetries in one-dimensional correlated matter. Various striking similarities are observed between certain Z n quantum clock models, spin chains generalizing the Ising model, and chains of non-Abelian anyons constructed from the so(n) 2 fusion category for odd n, both subject to periodic boundary conditions. In spite of the differences between these two types of quantum chains, e.g. their Hilbert spaces being spanned by tensor products of local spin states or fusion paths of anyons, the symmetries of the lattice models are shown to be closely related. Furthermore, under a suitable mapping between the parameters describing the interaction between spins and anyons the respective Hamiltonians share part of their energy spectrum (although their degeneracies may differ). This spin-anyon correspondence can be extended by fine-tuning of the coupling constants leading to exactly solvable models. We show that the algebraic structures underlying the integrability of the clock models and the anyon chain are the same. For n = 3, 5, 7 we perform an extensive finite size study -both numerical and based on the exact solution -of these models to map out their ground state phase diagram and to identify the effective field theories describing their low energy behaviour. We observe that the continuum limit at the integrable points can be described by rational conformal field theories with extended symmetry algebras which can be related to the discrete ones of the lattice models. 
I. INTRODUCTION
Non-Abelian anyons, appearing as fractionalized quasi-particle excitations with exotic statistics appearing in topologically ordered phases of correlated quantum many-body systems such as fractional quantum Hall states or p + ip superconductors [1] [2] [3] , have attracted tremendous interest in recent years -not least due to their potential use as resources in quantum computing [4, 5] . For several one-dimensional systems forming related topological phases these objects have been shown to be realized as topologically protected zero-energy modes localized at boundaries or defects [6] [7] [8] [9] .
In the simplest case of the quantum Ising chain these modes are Majorana anyons, signatures for these have been found in experiments on heterostructures such as semiconductor quantum wires in proximity to superconductors [10, 11] .
In the search for anyons beyond these Majorana zero modes there has been a revival of the interest in n-state generalizations of the Ising model, i.e. the one-dimensional Z n symmetric quantum clock models recently. For open boundary conditions some of these systems have been found to have an n-fold degenerate ground state for chains of arbitrary length [12] [13] [14] . This non-trivial degeneracy cannot resolved by the action of local symmetry preserving operators and is closely connected to the existence of localized zero energy modes with fractionalized charge. Periodic boundary conditions (or, more generally, the addition of a coupling between the edges to the open chain Hamiltonian) destroy the ground state degeneracy, but still allow for the study of the low energy behaviour of the correlated system to identify the phases realized as the interaction varied.
Furthermore, some of these models are exactly solvable at certain values of the coupling constants which allows to provide insights beyond what is possible based on the numerical investigation of finite chains.
An alternative approach to study some of the peculiar topological properties of non-Abelian anyons is based on certain deformations of quantum spin chains. Mathematically, the anyons in these models are objects in a braided tensor category equipped with operations describing their fusion and braiding [15] . Here the fusion rules underly the construction of the many-anyon Hilbert space and determine the local interactions allowed in the lattice model in terms of so-called Fmoves. In numerous studies of anyons satisfying the fusion rules of e.g. su(2) k , D(D 3 ), and so(5) 2 subject to different short-ranged interactions and in various geometries a variety of critical phases together with the conformal field theories (CFTs) providing the effective description of their low energy properties in gapless phases have been identified [16] [17] [18] [19] [20] [21] [22] [23] [24] . Exactly solvable anyon chains of this type are closely related to integrable two-dimensional classical lattice systems with 'interactions round the face' (IRF): the corresponding anyonic Hamiltonian is a member of a family of commuting operators, generated the transfer matrix of the classical model. For example Fibonacci or, more generally, su(2) k anyon chains with nearest neighbour interactions [16] can be derived from the critical restricted solid on solid (RSOS) models [25] .
Interestingly, the integrable structures underlying another realization of this approach, i.e. a particular so(5) 2 non-Abelian anyon chain [22] , have been found to be closely related to those of an integrable clock model, the Z 5 Fateev-Zamolodchikov model [26, 27] . Such relationships have been observed between other integrable IRF models and vertex models (or, in the present context, anyon chains and quantum spin chains) [28, 29] .
Below we will provide some evidence that the connection between chains of anyons constructed from the so(n) 2 fusion category and a class of n-state clock models can be extend beyond the integrable points in the space of coupling constants and to general odd n. In the following two sections we introduce the Hamiltonians for both the n-state clock models and the so(n) 2 anyon chains. Both can be defined for given n and integers 1 ≤ ≤ n coprime to 2n. In the clock model the parameter enumerates the primitive n-th root of unity appearing in the diagonal Potts spin operator. On the other hand, in the anyon chain, labels the (gauge inequivalent) F -moves which have recently been constructed for the so(n) 2 fusion category [30] . We show that both families of Hamiltonian operators have a Z n ⊗Z 2 symmetry related to a relabelling of the Z n spin basis and an automorphism of the so(n) 2 fusion rules, respectively. In addition, there exists a class of unitary transformation relating pairs of labels (n, ). Depending on n and , this unitary relation has different consequences: it may imply the existence of several inequivalent models of the same type (i.e. n-state clock or so(n) 2 anyon models) but with different realizations of the local interactions which have a second Z 2 symmetry on the space of coupling constants. This is found to be the case for n = 5 leading to a nearest neighbour so(5) 2 anyon chain with different continuum limit than the one considered in Refs. [21, 22] . In other cases, e.g. for n = 7, models with different are unitary equivalent which means that each one of them maps out the complete parameter space of coupling constants. Within this space we also identify points where the chains become integrable.
In Section IV we study the zero temperature phase diagram of the models for n = 3, 5, 7 using a variational matrix product ansatz for their translationally invariant states in the thermodynamic limit. For the integrable models we also analyze the low energy behaviour: using the Bethe ansatz solution of these models we compute their ground state energies and classify the excitations. From the finite size spectrum, obtained also from the Bethe ansatz or by numerical diagonalization of the Hamiltonian, we compute the lowest scaling dimensions. This allows to identify the low energy effective description in terms of rational CFT with extended symmetries related to that of the lattice model.
Many of these rational CFTs have central charge c = 1. Hence, they only can be rational due to extended chiral symmetry algebras Wg. These are Casimir algebras of affine Kac-Moody algebraŝ g related to Lie algebras of type B SO(2 + 1) or D SO (2 ) . Naively, these extended chiral symmetry algebras get larger with increasing n. However, for the particular value c = 1 of the central charge, additional null fields appear such that many of the generators of these Walgebras become algebraically dependent. For example, the WD -algebras are generated by fields of conformal weights 2, 4, 6, . . . , 2( − 1), but at the particular central charge c = 1, only the fields with the weights 2, 4, remain algebraically independent. Since all rational CFTs with central charge c = 1 are classified, it is known that, e.g. every rational c = 1 Z 2 orbifold theory has a W-algebra of type W(2, 4, k) with k half-integer or integer. Therefore, Casimir-type W algebras, which exist for generic values of the central charge, must collapse to these smaller ones at c = 1.
The case k = ∈ Z corresponds to WD , and the case k = + 1 2 ∈ Z+ 1 2 corresponds to WB 0, . The latter is an alternative W-algebra for the B series with an fermionic generator, realized from the Lie-superalgebra B (0, ) OSp(1|2 )). Thus, all cases of the Lie algebras g = SO(n) are covered.
We note that the observed spectral equivalence between the clock models and anyon chains only holds up to degeneracies. Furthermore, the Hilbert space of the anyons can be decomposed into sectors labelled by conserved topological charges which correspond to different boundary conditions in the clock models. Thus, the full spectrum of conformal dimensions of the underlying CFT is, in general, present only in the finite size spectrum of the anyon chains.
Some technical background on the construction of anyon chains and the analysis of the Bethe equations as well on the rational CFTs relevant to the models considered in this paper are presented in the appendices.
II. THE Z n CLOCK MODELS

A. The general model
We construct a family of quantum spin chains with an odd number n of states per site. For each pair of integers (n, ), 1 ≤ ≤ n and gcd( , 2n) = 1, the global Hamiltonian for a chain of length L acting on the Hilbert space [C n ] ⊗L is defined by
where c k = c n−k ∈ R. The local operators X j , Z j are operators acting non-trivially on the spin at site j as
The n+1 2 coupling constants c k span the parameter space of the clock model (2.1). However, as we are free to normalise and shift the Hamiltonian, the parameter space of H (n, ) (c) equals the surface of a n−1 2 -sphere.
B. Symmetries and maps
To discuss the symmetries and equivalences between the general n-state clock models we first consider bijections from the set of integers {1, . . . , n} to itself. Specifically we define the unique
where k ∈ {1, . . . , n}. From these we can construct transformations of the global Hamiltonian (2.1)
where ν is one of the aforementioned maps. It is straightforward to see that the Hamiltonian
The first of these equations establishes the Z n symmetry of the clock model as a consequence of u ν ↓ = X. The invariance under U ν − together with the Hermiticity of the Hamiltonian, i.e.
c n−k = c k , implies that the clock model is Z 2 -invariant.
Similarly, we find that under the transformation generated from the bijections ν t , 1 ≤ t ≤ n and gcd(t, 2n) = 1,
the Hamiltonians H (n, ) and H (n, ) with = ±t 2 mod n are related as
This identity implies that some of the Hamiltonians (2.1) for different (n, ) may be equivalent up to a basis transformation and simultaneous permutation of the coupling constants. Furthermore, we have = if t 2 = ±1 mod n. This implies another Z 2 -symmetry in the space of coupling constants as ν t • ν t = id, see Figure 1 .
H (7, 3) H (7, 5) we see that the two Hamiltonians get mapped to themselves, indicating both have a Z 2 symmetry in their phase space. On the other hand, for n = 7 the three Hamiltonians get mapped to each other, indicating the three different models are actually equivalent.
C. Integrability
Upon fine-tuning of the coupling constants the Z n clock models (2.1) are integrable, i.e. members of a family of commuting operators. We find that there are two different types of such integrable points:
For c k ≡ c independent of k, the clock model is the n-state Potts model and the Hamiltonian can be given as [31] 
where the E i , 1 ≤ i ≤ 2L, satisfy the relations of the periodic Temperley-Lieb algebra 5) with i − j = ±1 (the indices and their difference are to be interpreteded modulo n). Clearly, these
Hamiltonians are independent of the parameter .
The second type of integrable points of (2.1) are the Z n Fateev-Zamolodchikov models [26] : for each pair of integers (n, F Z ) with 1 ≤ F Z ≤ n and gcd( F Z , 2n) = 1 a Fateev-Zamolodchikov R-matrix can be defined as 6) where the weights are given by
Here and for later convenience we have defined the two functions
The R-matrices (2.6) satisfy the Yang-Baxter equation
allowing for the construction of commuting transfer matrices
The logarithmic derivative of the latter yields the integrable Hamiltonians
these Hamiltonians coincide, apart from a constant shift, with the generic n-state clock model (2.1) or its images (i.e. up to reordering of the basis) under the transformation U νt , Eq. (2.3), i.e.
(Note that the operators Z j depend explicitly on the root of unity parameter .)
The R-matrix (2.6) is actually the uniform square limit of the Fateev-Zamolodchikov R-matrix with a general root of unity (parametrized by F Z ), rather than the one presented originally [26] .
It is also a self-dual case of the chiral Potts R-matrix [32] . This allows to make use of the functional relations from Ref. [33] to express the transfer matrix eigenvalues in terms of the d = (n − 1)L roots {u j } (some of which may be at ±∞) to the Bethe equations
In terms of the Bethe roots the energy and momentum of the corresponding state are given as
Clearly, the dynamics of the integrable Hamiltonians depends only upon the triple of parameters (n, F Z , J). In Section IV and Appendix B below we shall classify the Bethe root configurations and discuss the low energy properties of the integrable clock models in greater detail, also see Ref. [34] for F Z = 1. Here we note that, for n = 3, the Temperley-Lieb and Fateev-Zamolodchikov integrable points coincide.
The so(n) 2 fusion category consists of objects I = { ± , σ ± , φ 1 , . . . , φ p }, n = 2p + 1. In contrast to the discussion in Appendix A we do not distinguish between an object and its label. The fusion rules for this category are
where a, b ∈ {+, −}, i, j ∈ {1... n−1 2 }. We see that + is the identity object.
Compatible F -and R-moves have been constructed by Ardonne et al. [30] . It was found that there exists a family of gauge inequivalent F -moves labelled by the pairs ( , κ) where κ = ±1 and 1 ≤ ≤ n with gcd( , 2n) = 1. One can extract the parameters from the F -moves by considering the quantities
where is the odd integer resulting from the expression. For each of these sets of F -moves we can construct a set of projection operators. We observe that every projection operator is independent of the choice of κ. Therefore, without loss of generality we set κ = +1 for the remainder of the paper and denote the corresponding F -moves and projection operators F ( ) and p( ), respectively.
The objects of the so(n) 2 fusion category can be grouped according to their quantum dimensions,
i.e. the asymptotic contribution of a single such object to a large collection thereof: the sets { ± }, {φ i } i , and {σ ± } contain particles of dimension 1, 2 and √ n, respectively. Following the general prescription above it is possible to construct uniform chains of each of these particles. Among these the ± -anyon chains are trivial with their Hamiltonians necessarily being proportional to the identity. The φ i -anyon chains, on the other hand, can be mapped to the XXZ model as the subcategory with objects { ± , φ i } i is isomorphic to the category of representations of the group algebra CD n .
This leaves the σ ± -anyon chains. It will become apparent below that there is a mapping between the σ + -and σ − -anyon chains. Therefore we concern ourselves only with the former. The Hilbert space of the σ + -anyon chain is spanned by the vectors in the set B
is the all the closed walks of length 2L on the (undirected) graph displayed in Fig. 2 .
The generic one-dimensional nearest-neighbour Hamiltonian for these so(n) 2 σ + -anyons associated with the F ( )-moves is defined as
Without affecting the dynamics, one can fix α + and have the remaining coupling constants α φ k as co-ordinates on the surface of a n−1 2 -sphere.
can be interpreted as closed walk of length 2L on this graph. This is analogous to known models defined by walks on Dynkin diagrams [35] .
B. Symmetries and equivalent so(n) 2 models
As stated in Appendix A global symmetries and maps between equivalent anyon models can be inferred from the automorphisms of the fusion rules and the associated monoidal equivalences between F -moves. Along with the F -moves, Ardonne et al. [30] also discussed the monoidal and gauge equivalences of so(n) 2 . The automorphisms of so(n) 2 fusion rules are given by the sets
The non-trivial actions of ν ± and ν t are
where g 1 is the map defined in Eq. (2.7).
The F -moves labelled ( , κ) are monoidally related to themselves via the map ν − . Thus there is a one-to-one equivalence between σ + -anyon and σ − -anyon chains, as asserted above. The automorphism ν t relates the F ( ) to F ( ) if and only if = g 2 (t 2 ) where g 2 is the map defined in Eq. (2.7). Thus we are able to completely determine the mappings between Hamiltonians and the internal symmetries of the Hamiltonians. However, since the number of monoidally inequivalent F -moves, and consequently inequivalent Hamiltonians, depends on n not much can be said about the mappings and symmetries in general. Nevertheless, three interesting observations can be made:
1. If ν t gives rise to an internal symmetry of the parameter spaces of H (n, ) , it must also give rise to an internal symmetry of the parameter spaces of H (n, ) , independent of : this follows from the invertibility of and mod 2n.
One can draw directed lines between the sets of F -moves to indicate one set of F -moves is related/mapped to another via an automorphism ν t =1 . For so (5) 2 (left) we set that there are two sets of monoidally equivalent F -moves indicating H (5,1) (α) and H (5,3) (α) are inequivalent and their parameter spaces must possess a Z 2 symmetry. For so (7) 2 (right) we see that the F -moves are monoidally equivalent and thus H (7, ) (α), = 1, 3, 5 are equivalent. This is consistent with the relationships shown in Fig. 1 .
2. The internal symmetries of the parameter spaces are Z 2 symmetries: if ν t =1 gives rise to an internal symmetry of the parameter spaces of H (n, ) then it follows that g 2 (t 2 ) = 1, g 1 (t 2 ) = 1 and lastly ν t • ν t = id.
3. The total area of inequivalent points for the so(n) 2 Hamiltonians H (n, ) equals the surface of a n−1 2 -sphere: there are the same number of Hamiltonians H (n, ) as automorphisms ν t and every ν t is unique.
These observations allow us to make inferences. For instance, for so(5) 2 , the two Hamiltonians, H (5, 1) and H (5, 3) , will either be equivalent or the parameter spaces will have a Z 2 symmetry, with the latter is found to be true (see Figure 3 ). In contrast, for so(7) 2 , the three Hamiltonians H (7, ) , = 1, 3, 5, must all be equivalent as there is no other possibility of having the total area of inequivalent points equalling the surface of a sphere.
The general face model formulation
In the vertex language solutions to the Yang-Baxter equation are often associated with quasitriangular Hopf algebras, typically quantum groups. In a similar fashion, in the face (or anyon) language one often identifies one or more solution to the Yang-Baxter equation associated with a braided fusion category. Using the basis defined earlier we define an R-matrix to be of the form
and must satisfy the face Yang-Baxter equation
The SOS transfer matrix t(u) is then defined by
This can be used to construct an integrable quantum Hamiltonian
In the case that the R-matrix satisfies the regularity condition, i.e. R(0) ∝ I, the Hamiltonian will describe a periodic chain of interacting particles with nearest-neighbour interactions.
The so(n) 2 integrable points
In this section we identify pairs of integrable points associated with solutions to the Yang-Baxter The Temperley-Lieb R-matrices are defined as
A simple rescaling of the projection operators onto the identity object,
, leads to a representation of the Temperley-Lieb algebra (2.5). As a consequence the spectrum of the corresponding integrable points coincides with that of the XXZ spin chain (up to boundary conditions). Specifically, this implies that the anyon model at the Temperley-Lieb integrable points α = ±(1, 0, . . . , 0) will be gapped for n > 4. These points are fixed points of any symmetry generated by an automophism of the fusion rules. Moreover, at these two points the Hamiltonian H (n, ) (α) is the same for all allowed .
The second class of R-matrices we consider is connected to the Z n Fateev-Zammolodchikov like R-matrix (2.6). Analogously to the integrable points for the Z n clock model, for the F -moves F ( ) and automophism ν t we define the parameter
The R-matrices are defined to be
These operators have been verified to satisfy the Yang-Baxter equation for 3 ≤ n ≤ 9 and conjectured for larger n. Their existence implies that the Hamiltonians (3.2) with the particular choice of coupling constants α
are integrable where J = ±1. The Hamiltonian can be normalised to the form given above, but for our purposes that is unnecessary.
Using the same approach as in [22] , additional R-matrices labeled by b ∈ I can be constructed starting from the given set of F -moves. The resulting transfer matrices are mutually commuting and satisfy a set of fusion relations. Within this construction, the topological charges Y b , defined in Eq. (A2) for the general anyon model, are obtained from these transfer matrices in the braiding limit u → ∞.
Analyticity arguments imply that the transfer matrix eigenvalues can be parametrized by a set of complex numbers {u j } solving the Bethe equations
where s = ±1 is the eigenvalue of the topological charge Y − [22] . We see that the Bethe equations coincide with those for Fateev-Zamolodchikov Z n clock model integrable points, Eq. (2.9), up to a twist in the boundary conditions in the sector with s = −1. This implies some connection and we expect that the two different models share dynamics at these integrable points once the topological sectors of the anyon chain are identified with suitable boundary conditions for the clock model.
The energy and momentum are give by
Note that the momentum for the anyon chain differs to the that coming from the Z n models due to the factor of two difference between the chain lengths of the two models.
D. Mapping between anyon and clock models
The analysis of the symmetries and structures underlying their integrable points above has revealed striking similarities between the so(n) 2 anyon chains and the Z n clock models -in spite of the very different Hilbert spaces on which they are defined. Here we put forward a more general relationship between the Z n clock models for given parameter and chain length L and the so(n) 2 anyons chain, built from the F ( )-moves with chain length 2L. Specifically, we claim that when
the two Hamiltonians H (n, ) (c) and H (n, ) (α), defined by Equations (2.1) and (3.2) respectively, share some energy levels (although their degeneracies may differ). We have checked this conjecture numerically for small system sizes and found that, depending on the chain lengths (e.g. for L being multiples of 4) this includes the ground state. This relationship between models, along with the underlying algebraic structure of the anyon model, suggests the existence of a face-vertex (or anyon-spin) correspondence [28, 29] .
IV. PHASE PORTRAITS AND LOW ENERGY EFFECTIVE THEORIES
In the following we study the phase diagrams of the Z n clock and so(n) 2 anyon models for n = 3, 5, 7 based on variational matrix product states (MPS) representing translationally invariant states of the chains in the thermodynamic limit, diagonalization of the Hamiltonian for small lattice sizes L using the Lanczos algorithm, and -for the integrable points -numerical solution of the Bethe equations (2.9) and (3.5) for chains of a few hundred sites. For some of these models we are able to identify the conformal field theories describing the continuum limit based on the finite size scaling of the ground state and low lying excitations, i.e. [36, 37] 
where c is the central charge of the underlying Virasoro algebra and v (F ) is the velocity of massless excitations. From the spectrum of scaling dimensions X n = h +h and conformal spins s n = h −h the operator content, i.e. primary fields with conformal weights (h,h), can be determined.
A. The Z 3 and so(3) 2 models
The spectrum of low energy excitations of the Z 3 clock model or, equivalently, the self-dual three-state critical Potts model, has been studied in Ref. [38, 39] . Its partition function has been , respectively [40, 41] . The so(3) 2 chain on the other hand is equivalent to a chain of su(2) 4 anyons. This is a deformation of the spin-1/2 Heisenberg model [16] , more commonly known as the A 5 restricted solid-on-solid model [25, 35] which is another formulation of the three-state Potts model. To illustrate the equivalence between the Z 3 clock and so(3) 2 anyon models with coupling constants related by Eq. (3.7) we plot the spectra of their low energy excitations in Fig. 4 . For the antiferromagnetic model, i.e. (n, F Z , J) = (3, 1, +1), we have identified the Bethe ansatz solutions corresponding to the lowest of the conformal weights of Z 4 parafermions (C2), see Table I .
This parafermion CFT is realized by the Z 2 orbifold of a U (1) boson compactified on a circle of radius R 2 = 3/2 [42] . We also note that this spectrum coincides with that of the WD 3 (5, 6) rational CFT.
Similarly, for the ferromagnetic model, (n, F Z , J) = (3, 1, −1), we have identified the Bethe ansatz solutions yielding the lowest of the conformal weights (C5) of the minimal model M (5,6) , see Table II . We note that the conformal weights of the twist operators, h ∈ { here but do appear in the spectrum of the Z 3 clock model for twisted boundary conditions [43] . The so(5) 2 model is the first model in which the parameter space is not a single point. As F (1) and F (3) are not monodially equivalent there will be two distinct models each with a global Z 2 symmetry in the Hamiltonian. Instead of using the couplings α we switch to polar coordinates with fixed radius. This gives the general Hamiltonians
where = 1, 3 and θ ∈ [0, 2π). The Z 2 symmetry manifests itself as
At the TL points θ T L = 0, π, i.e. the fixed points of this symmetry, the Hamiltonians coincide.
In previous work on the model with = 3 [21, 22] the TL equivalence to the XXZ spin chain has been employed to conclude that the excitations at θ = 0 are massive with a tiny energy gap ∆E 2.910 −4 . This gap is difficult to resolve numerically but based on continuity arguments it is expected that this gapped phase extends to small finite values of θ. Similarly, the spectrum at θ = π is highly degenerate indicating a first order transition.
When θ is varied, the models undergo a sequence of phase transitions. To identify the nature of the different phases we have used the evomps software package [44] to compute variational matrix product states representing the ground state and the lowest excitation for a given momentum. In (n, F Z , J) = (5, 1, −1) . The low energy effective theory for the feromagnetic Z 5 clock model is the Z 5 parafermion CFT [45, 46] . In the finite size spectrum of the corresponding model of so (5) 2 anyons (i.e. θ = η with η ≡ π/4 − arctan
) additional conformal weights appear implying that the continuum limit is described by a WB 2 (5, 7) rational CFT with the same central charge c = 8 7 and conformal weights (C6), see [22] . (n, F Z , J) = (5, 1, +1). Similarly, the continuum limit of the anti ferromagnetic integrable model (n, F Z , J) = (5, 1, +1) corresponding to θ = π − η has been found to be described by a WD 5 (9, 10) rational CFT with c = 1 and conformal weights (C8), equivalent to the Z 2 -orbifold of a Gaussian model with compactification radius 2R 2 = 5. Note that these data alone are not sufficient to distinguish between these two rational CFTs. Even if we could compute data for states with larger conformal weights, contained in the spectrum of the WD 10 (19, 20) algebra, but not in the spectrum of the WB 0,2 (4, 5) algebra, we could not make . Unfortunately we have not been able to identify its Bethe root configuration and have no numerical data for sufficiently large system sizes allowing for a finite size extrapolation. Based on our proposal for the underlying CFT we conjecture that this missing level corresponds to the product of the identity in the Ising sector and a primary field with conformal weights (h,h) 2 = ( Table XI ). This indicates that the effective field theory is a product of two sectors. Unfortunately, the numerical solution of the Bethe equations is plagued by instabilities and we have to rely on data obtained using the Lanczos algorithm for systems sizes of up to L = 11. Extrapolating the finite size data of the ground state energy (realized for even L in the clock model and for L = 0 mod 8 for the anyon chain) we find
see Table IV . For a CFT with two critical degrees of freedom this quantity is expected to be the combination v CFT. Similarly, we extrapolate the quantities
for the low lying excitations to identify the operator content of the two sectors. In the thermody-
2 X 2,n where X i,n = h i,n +h i,n is the scaling dimension of an operator with conformal weights (h i,n ,h i,n ) in sector i = 1, 2. Our numerical data indicate that the spectrum of conformal weights in the c = 1 sector coincide with those observed in the (5, 3, +1) C. The Z 7 and so(7) 2 models As discussed above, the Hamiltonians H (7, ) of the clock and anyon models are equivalent under the unitary transformations constructed from the automorphisms ν t (2.2) and (3.3), respectively. Therefore the integrable points correspond to particular choices of the coupling constants α on the surface of a 3-sphere. For the presentation of the phase portrait it is convenient to choose two angular variables to parametrize the coupling constants, i.e.
( 4.6) In this parameterization the Temperley-Lieb points occur at (
To illustrate some properties of the phases of the model as the coupling parameters are varied ground state expectation values
as obtained from the variational matrix product ground states computed numerically using the evomps library [44] are shown in Fig. 6 . Note that, as in the n = 5 model, the ferromagnetic TL point (located on the southern hemisphere) is located at the intersection of (n − 1)/2 phases differing in the label k of the dominant order parameter p (φ k ) leading to a highly degenerate spectrum. Similarly, the model is expected to be gapped in a neighbourhood of the anti ferromagnetic TL point (on the northern hemisphere).
For the FZ integrable points we have used the approach described above to compute the central charge(s) and some of the scaling dimensions of primary fields of the low energy effective theories describing the continuum limit of the lattice models.
(n, F Z , J) = (7, 1, +1). The configuration of Bethe roots corresponding to the ground state of this model consists of (1, ±)-strings, see Table XI we have no Bethe ansatz results and use Lanczos data instead.
been identified with Z 7 parafermion CFT [45, 46] with central charge c = 4 3 and conformal weights (C4). Indeed the lowest Z 7 conformal weights are found in the finite size spectrum of the clock model, see Table VI . In the spectrum of the corresponding so(7) 2 anyon chain, however, additional levels are present with (h,h) = ( ) leading to conjecture that the critical theory is the WB 3 (7, 9) rational CFT which has the same central charge and conformal weights listed in (C7). As noted in Appendix C the spectrum of Z 7 is a subset hereof. The observed anyon levels are the WB 3 (7, 9) primaries with the lowest weights outside the parafermion subset spec(WB 3 (7, 9)) \ spec(Z 
from top to bottom) of the so(7) 2 anyon chain as a function of the coupling constants. Data are colorcoded on the spherical parameter space of of the models (4.6) in terms of the projectors obtained from the = 1 F -moves. Red dots indicate the location of the Fateev-Zamolodchikov integrable points (7, F Z , J), similarly the Temperley-Lieb integrable models are located at the green dots. Table IV but Table VII . Identifying the first factor with the M (5,6) minimal model we also obtain conjectures for some of the lowest scaling dimensions present in the c 2 = 1 sector. We observe that most of these are of the form k 2 /42 with integer k.
In addition there is numerical evidence for a level with X 2 = 1 8 in the spectrum of the anyon chain. Based on this observation we conjecture the that the latter sector is a Z 2 -orbifold of a Gaussian model with compactification radius 2R 2 = 21 with spectrum (C12), see also the finite size analysis for the (7, 5, +1) model below.
(n, F Z , J) = (7, 3, −1). The energy density of this model in the thermodynamic limit is ∞ = −8.35336129420055, gapless excitations are propagating with Fermi velocity v (F ) = 7/3. From the finite size analysis based on the Bethe ansatz we find that the central charge of the critical theory is c = 3/2. We have also identified some conformal weights, see Table VIII . Based on these data we conjecture that the effective theory describing this model in the thermodynamic limit is again a product of two rational CFTs, namely an Ising model and a Z 2 -orbifold of a U (1)-boson compactified to a circle with radius 2R 2 = 14. The latter contributes c 2 = 1 and conformal weights (C11) to the finite size scaling. Table X . Similarly, the data
for the lowest excitations are consistent with those observed for the (7, 3 , −1) model discussed above.
Therefore, we conjecture that the c = 1 factor is the a Z 2 -orbifold of a boson with compactification radius 2R 2 = 14. Together with our numerical data characterizing the ground state phase diagram of the generic H (7) (4.6), see Fig. 6 , this indicates that the integrable points (7, 3, −1) and (7, 5, −1) are located in an extended critical phase with effective central charge c = Algebraically anyonic theories can be described by braided tensor categories [15] . A braided tensor category consists of a collection of objects {ψ i } i∈I (including an identity) equipped with a tensor product (fusion rules),
where N c ab are natural numbers (including zero). In the special case where N c ab ∈ {0, 1} the tensor category is said to be multiplicity free, a property which will be assumed for the remainder of the paper. Fusion can be represented graphically
provided that ψ c appears in the fusion of ψ a and ψ b .
We require associativity in our fusion i.e.
which is governed by F -moves, also referred to as generalised 6-j symbols,
For more than three objects different decompositions of the fusion can be related by distinct series of F -moves. Their consistency for an arbitrary number of anyons is guaranteed by the Pentagon equation satisfied by the F -moves. There also must be a mapping that braids two
Here, however, we are not concerned with such maps.
Given a consistent set of rules for the fusion we can construct a periodic one-dimensional chain of 2L interacting 'anyons' with topological charge ψ j . 1 A basis vector for such a model is defined graphically as
As we are dealing with periodic models we always identify a i with a i+2L . Mathematically, we define the Hilbert space of the chain of 2L the anyons with charge ψ j to be the vector space spanned by
This Hilbert space can be further decomposed into topological sectors based on the eigenvalues of a family of charges {Y b } b∈I : these charges can be measured by inserting an additional anyon of type ψ b into the system which is then moved around the chain using the F -moves and finally removed again [16] . The corresponding topological operator Y b has matrix elements
The spectrum of these operators is known: their eigenvalues are given in terms of the modular S-matrix which diagonalizes the fusion rules [15] .
The only other operators that we consider on this space are two-site projection operators:
whereF is the inverse F -move. Note that the matrix elements of these operators depend on triples of neighbouring labels a i−1 a i a i+1 in the fusion path but only the middle one may change under the action of the p (b)
i . In terms of the local projection operators the global Hamiltonian describing nearest-neighbour interactions between ψ j anyons is given by
This generic description has obvious redundancies, for example, it is clear the sum need not be over all b ∈ I but can instead by restricted to b such that ψ j ⊗ ψ j ∼ = ψ b ⊕ · · · . By construction the Hamiltonian commutes with the topological charges (A2).
Symmetries from monoidal equivalences
Suppose that there exist two sets of F -moves, F and F , together with the corresponding projection operators (A3). F and F are monoidally equivalent if they obey the relation
where u c ab ∈ C and ν : I → I is an automorphism of the fusion rules,
In the special case where the automorphism is trivial, i.e. ν = id, then F and F are said to be gauge equivalent. In this paper we say that F is monoidally related to F via ν (or, equivalently, F is monoidally related to F via ν −1 ). This distinction is convenient as it allows us keep track of permutations which arise.
It is natural to ask if one can relate models constructed from the different F -moves. Consider the invertible operator which maps states from the Hilbert space of anyons with topological charge ψ j to that of anyons with topological charge ψ ν(j) ,
This map provides an equivalence between different Hamiltonians,
where H(α) is the Hamiltonian built from F acting on a chain of ψ j -anyons, while H(α) is the Hamiltonian built from F acting on a chain of ψ ν(j) -anyons.
If one considers a chain of ψ j -anyons and an automorphism satisfying ν(j) = j (for that j) then one can equate different models via the above transformation. If it is also the case that F = F , which amongst other things necessitates H(α) = H(α), then the monodial equivalence implies that the parameter space of the model possesses a symmetry governed by ν. For instance, if ν is of order n, i.e. the minimum n such that ν n = id, then the model must contain a global Z n symmetry.
Appendix B: Thermodynamic limit of the integrable chains
To analyze the properties of the integrable Z n clock models and so(n) 2 anyon chains in the thermodynamic limit, L → ∞, the root configurations solving the Bethe Eqs. (2.9) and (3.5) corresponding to the ground state and low lying excitations have to be identified. For small system sizes the Bethe roots can be obtained by direct diagonalization of the transfer matrices: in the so(n) 2 case they can be related to zeroes of the eigenvalues while in the Z n case a general nonuniform R-matrix has to be considered, see Ref. [33] . Although this approach is limited by the available computational resources we find that -for sufficiently large L -Bethe roots can be grouped into several characteristic patterns: a group of Bethe roots {u j } with identical real part is said to form a pattern of type γ if
For the Bethe equations (2.9) and (3.5) we have to consider the root patterns 2
Within the root density formalism [48] the thermodynamic properties of the models can be studied based on this classification of Bethe roots. The solution to the Bethe equations corresponding the ground state of the (n, F Z , J)-models of length L can be decomposed into d γ patterns of type γ ∈ Γ extending over the entire real axis with
Their densities ρ γ (u) satisfy a system of coupled linear integral equations
where D (k,±) = −J, D (k,m) = −2J, and
.
It is straightforward to solve the integral equations (B1) by Fourier transform. In terms of the density functions ρ γ (u) the leading term of the ground state energy (2.10), (3.6) is
Low lying excitations are described by root configurations with finite deviations
from the ground state distributions. The have a linear dispersion with Fermi velocities
Using our finite size data as well we have been able to identify the ground state configurations listed in Tables XI, XII , XIII. These proposals have been checked against the ground state energy densities computed using the evomps algorithm.
We observe that with p being the integer satisfying p F Z = J mod n the ground state configuration always contains at least one of the patterns (p, ±). For the model (n, F Z , J) = (n, 1, −1), i.e. p = n − 1 the root configuration corresponding to the ground state consists of only (p, (−1) n+1)/2 ) patterns [34] . The Fermi velocity in this model is v (F ) = n and from the finite size corrections to the ground state energy we find the central charge of the low energy effective theory to be c = 2
n+2 .
Appendix C: Rational CFTs with extended symmetries
In the previous analysis [22] of the integrable points of the so(5) 2 anyon chain (n, F Z , J) = (5, 1, J) the continuum limit of the integrable chains has been found to be described by rational
CFTs with extended chiral symmetry algebras (see [49] and References therein) respecting the fivefold discrete ones in the anyon lattice model. Based on this observation Casimir-type W-algebras associated with the Lie-algebras SO(n) = B (n−1)/2 , SO(2n) = D n , and the super Lie-algebra (n, F Z , J) Bethe root configuration central charge(s) OSp(1|n − 1) = B 0,(n−1)/2 containing one fermionic generator with half-integer spin, are possible candidates for the low energy effective description of the models considered in this paper.
Similarly, the scaling limit of the ferromagnetic, i.e. J = −1, FZ n-state clock models is known to be a Z n -invariant conformal field theory with parafermion currents [45, 46] . As rational CFTs, Z n parafermions possess an extension of the Virasoro algebra to a WA n−1 -algebra.
Below we list the central charges and conformal spectra of some field theories from the minimal (n, F Z , J) Bethe root configuration example is the collapse of the WA n -algebra to the WA 2 -algebra at c = 1. This phenomenon is called unifying W-algebras [52] . A similar phenomenon happes with the WD n (2n − 1, 2n)-algebras at c = 1, which all collapse down to mere W(2, 4, n)-algebras generated by the Virasoro stress-energy tensor and two further chiral primary fields of conformal dimensions h = 4 and h = n, respectively. The reason is that, for special values of the central charge, several chiral primary fields become algebraically dependent due to the existence of additional null fields in the vacuum representation. Moreover, the W(2, 4, n)-algebras are in fact the maximally extended chiral symmetry algebras for Z 2 orbifold Gaussian models with compactification radii 2R 2 = n. It is not surprising that W-algebras, which admit a rational CFT with finite representation content at central charge c = 1, must shrink. The reason is that all rational CFTs at c = 1 are known and their partition functions are classified [53] .
common to both models, and finally the weights 2 , corresponds to a representation which is shifted by an half-integer above the vacuum representation h = 0, and corresponds to a local chiral field which can be added to the chiral symmetry algebra. Indeed, the chiral symmmetry algebra of the WB 0,2 (4, 5) model does feature a generator of weight h = as Q. The operator product expansion of the product QQ will contain the field W . The corresponding quantum number w for the zero mode W 0 of W must satisfy a quadratic constraint to ensure associativity of the whole symmetry algebra.
This leads to a relation w = ±h f (h) with an algebraic function f . Hence, for all h = 0, there are precisely two possible w-values. For the smallest case n = 2, which we encountered in section IV.B, we can compute the function f (h) explicitly, but this gets increasingly more difficult for larger n.
We finally note that the associativity of the operator algebra for the WD 4n+2 (8n + 3, 8n + 4) does not yield obvious constraints of this type on the eigenvalues of the zero modes of the generators.
